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ON THE STRUCTURE OF GROUP C*-ALGEBRAS AND 
COMPACT QUANTUM GROUPS 


DO NGOC DIEP 


1. Motivation 


Consider a locally compact group G and consider some appropriate group 
algebras. The group algebras C[G] for G as an abstract group is not enough 
to define the structure of G. We must find a more effective group algebra. 

For any locally compact group G there is a natural left-(right-)invariant 
Haar measure dg. 

The space L 2 (G) := L 2 (G, dg) of the square-integrable functions plays 
an important role in harmonic analysis. If the group is of type I, L 2 (G) 
admits a spectral decomposition with respect to the left and right regular 
representations into a sum of the direct sum (the so called discrete series) 
and/or the direct integral (the continuous series) of irreducible unitary rep¬ 
resentations. 

The space T 1 (G) = L X (G, dg) of the functions with integrable module 
plays a crucial role. With the well-defined convolution product, 


(p, i\) G L X (G) i—> (p * -0 e L 1 (G); 



it becomes a Banach algebra. There is also a well-defined Fourier-Gel’fand 
transformation on L l (G), 


G L X (G, g) t—► ip, 



There is a one-to-one correspondence between the (irreducible) unitary 
representations of G and the non-degenerate (irreducible) ^representations 
of the involutive Banach algebra L l (G). The general theorems of the spec¬ 
tral theory of the representations of G are then proved with the help of an 
appropriate translation in to the corresponding theory of L l (G), for which 
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one can use more tools from functional analysis and topology. One can also 
define on L l (G) an involution 92 1 —> 92 *, 


<P*(9) '■= <fi(9 X )- 


However the norm of the involutive Banach algebra L 1 (G) is not regular, 
i.e. in general 

II® a IU i (G) 7^ II o IIl i (g) • 

It is therefore more useful to consider the corresponding regular norm ||. || c*(G) > 


IMIc*(G) := sup||7r(v2)|| 

ttSG 


and its completion C*(G). The spectral theory of unitary representations of 
G is equivalent to the spectral theory of non-degenerate ^representations 
of the C*-algebra C*(G). The general theorems of harmonic analysis say 
that the structure of G can be completely definite by the structure of C* (G). 

One poses therefore the problem of description of the structure of the 
C*-algebras of locally compact groups. 

1) How to realize the irreducible unitary representations of the locally 
compact group G. 

2) How to describe the images of the Fourier-Gel’fand transformation 

and in particular, of the inclusion of C*(G ) into some “continuous” 
product of the algebras n e G of bounded operators in the 

separable Hilbert space 7of representation n. 


1.1. Compact Groups. Consider for the moment a compact group G. For 
compact group, all representations are unitarizable, i.e. are equivalent to 
some unitary ones. It is well-known also that: 

a) The family of irreducible representations is not more than countable. 

b) Each irreducible representation is finite dimensional, say n^i— 1,..., 00 
and there is some good realizations of these representations, say in 
tensor spaces, or last time, in cohomologies. 

c) The Fourier-Gel’fand transformation gives us an isomorphism 

OO 1 

C*(G) = Mat n ,(C), 

i= 1 

where the prime in the product means the subset of ’’continuous van¬ 
ishing at infinity” elements. 

This means that in compact group case the group C*-algebra plays the 
same role as the group algebra of finite groups. 
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1.2. Locally Compact Group. The main problem is how to describe the 
group algebra in general, and in particular the C*-algebra C*{G). 

We are trying to decompose our C*-algebras into some towers of ideals 
and step-by-step define the associated extensions by KK-functors or their 
generalizations. The resulting invariants form just our index. This idea was 
proposed in and developed in for a large class of type I C*-algebras. 

We propose a general construction and some reduction procedure of the 
K-theory invariant Ind C* (G) of group C*-algebras. Using the orbit method, 
we reduces Index C*(G ) to a family of Connes’ foliation C*-algebras in¬ 
dices Index C*(V 2 n i ,d : 2 n i ), by a family of KK-theory invariants. Using 
some generalization of the Kasparov type condition (treated by G.G. Kas¬ 
parov in the nilpotent Lie group case, we reduces every 
IndexC'* ( V 2nt , T 2ni ) to a family of KK-theory invariants of the same type 
valuated in KK(X,Y) type groups. The last ones are in some sense com¬ 
putable by using the cup-cap product realizing the Fredholm operator in¬ 
dices. 


1.3. BDF K-functor Ext. Denote by C(X) the C*-algebra of continuous 
complex-valued functions over a fixed metrizable compact X, Ti a fixed 
separable Hilbert space over complex numbers, C(H) and fC(H) the C*- 
algebras of bounded and respectively, compact linear operators in Ti. An 
extension of C*-algebras means a short exact sequence of C*-algebras and 
*-homomorphisms of special type 

0 —> JC{H) —> £ —> C(X) —> 0. 


Two extensions are by definition equivalent iff there exists an isomorphism 
: Eoo —* £e and its restriction V’k(Wi) : JC(Hi) —» /C(7Y 2 ) such that 
the following diagram is commutative 


1C{H 2 ) 


Ex —> C(X) —> 0 
e 2 —> C(X) —> 0 


1.4. The group of all affine transformations of the real straight line. 

Let us denote by G the group of all affine transformations of the real straight 
line. 

Theorem 1.1. Every irreducible unitary representation of group G is uni- 
tarilly equivalent to one of the following mutually nonequivalent represen¬ 
tations: 
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a) the representation S, realized in the space L 2 (JR*, p), where R* := 

R \ (0), and acting in according with the formula 

( S g f)( x ) = e v ^ lbx f(ax) 1 where g = ^ ^ . 

b) the representation Ufi realized in C 1 and given by the formula 

U{(g) = |a| v/3lA .(sgno;) £ , where A G R; £ = 0,1. 

This list of all the irreducible unitary representations gives the corre¬ 
sponding list of all the irreducible non-degenerate unitary ^representations 
of the group C*-algebra C* (G) . It was proved that 

Theorem 1.2. The group C*-algebra with formally adjoined unity C* (G)~ 
can be included in a short exact sequence of C*-algebras and *-homomorphisms 

0 ——> C*(G)~ —> ^(S 1 V S 1 ) —> 0, 

i.e. the C*-algebra C*(G)~, following the BDF theory, is defined by an 
element, called the index and denoted by Index C*(G)~, of the groups 

SxtiS 1 V S 1 ) = z® z. 

Theorem 1.3. 

Index C*(G) = (1,1) G ^^(S 1 V S 1 ) = Z © Z. 

2. Multidimensional Orbit Methods 

Let us consider now a connected and simply connected Lie group G with 
Lie algebra g := Lie(G). Denote by g c the complexification of g. The 
complex conjugation in the Lie algebra will be also denoted by an over-line 
sign. Consider the dual space g* to the Lie algebra g. The group G acts on 
itself by the inner automorphisms 

A(g) := g.^g- 1 : G G, 

for each g G G, conserving the identity element e as some fixed point. It 
follows therefore that the associated adjoint action A(g)* maps g = T,G 
into itself and the co-adjoint action K(g) := A(g~ 1 )* maps the dual space 
g* into itself. The orbit space 0(G) := g*/G is in general a bad topological 
space, namely non- Hausdorff. Consider one orbit O G O(G) and an ele¬ 
ment F G g* in it. The stabili z er is denote by Gf, its connected component 
by (G f )o and its Lie algebra by g F := Lie(G F ). It is well-known that 

G f ^ G 

D p 
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is a principal bundle with the structural group Gp. Let us fix some connec¬ 
tion in this principal bundle, i.e. some trivialization of this bundle. We 
want to construct representations in some cohomology spaces with coeffi¬ 
cients in the sheaf of sections of some vector bundle associated with this 
principal bundle. It is well know that every vector bundle is an induced 
one with respect to some representation of the structural group in the typi¬ 
cal fiber. It is natural to fix some unitary representation a of Gp such that 
its kernel contains (Gp)o, the character xf of the connected component of 
stabili z er 

Xc(expX) := exp X)) 

and therefore the differential I)(dxr) = p is some representation of the Lie 
algebra q f . We suppose that the representation D(pxf) was extended to 
the complexification (0 f)c- The whole space of all sections seems to be so 
large for the construction of irreducible unitary representations. One con¬ 
sider the invariant subspaces with the help of some so called polarizations. 

Definition 2.1. We say that a triple (p. />, o 0 ) is some (a, F)-polarization, 
iff: 

a) p is some subalgebra of the complex Lie algebra (g)c, containing q f . 

b) The subalgebra p is invariant under the action of all the operators of 
type Ad Sc x , x G Gp. 

c) The vector space p + p is the complexification of some real subalgebra 

m = (P + P) fig. 

d) All the subgroups M 0 , H 0 , M, H are closed, where by definition M 0 
(resp., //(,) is the connected subgroup of G with the Lie algebra m 
(resp., f) := p fl g) and M := Gp.M 0 , H := G F .H 0 . 

e) (T 0 is an irreducible representation of H 0 in some Hilbert space V such 
that : 1. the restriction o\g f gh 0 is some multiple of the restriction 
Xf-p\g f fh 0 , where by definition x F (exp X) := exp (2vrv /r l (F, X )); 
2. under the action of Gp on the dual H 0 , the point cr 0 is fixed. 

f) p is some representation of the complex Lie algebra p in V , which 
satisfies the E. Nelson conditions for H 0 and p\t, — Do 0 . 

Theorem 2.1. Let us keep cdl the introduced above notation of Dp, d, Gp,etc. 
and let us denote Xf the character of the group Gp such that Dxf = 
27Tv / —T F\ Sf . Then : 

1) On the K-orbit Dp there exists a structure of some mixed manifold of 
type ( k,l , m), where 

k = dim G — dim M, 

1 

l = -(dim M — dim H), 
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m = dim H — dim Gp. 

2) There exists some irreducible unitary representation a of the group 
H such that its restriction ct\g f is some multiple of the representation 
Xf-& and p|t, = Da. 

3) On the G-fiber bundle £ a \a F = Gxq f V associated with the represen¬ 
tation a\ q f , there exists a structure of a partially invariant and par¬ 
tially holomorphic Hilbert vector G-bundle such that the natural 
representation of G on the space of (partially invariant and partially 
holomorphic) sections is equivalent to the representation by right trans¬ 
lations ofG in the space C co (G\ p, p, F, cr 0 ) ofV-valued C °°-functions 
on G satisfying the equations 

f(hx) = a(h)f(x),\/h E H, Vx E G , 

L x f + p(X)f = oyxEp, 

where Lx denotes the Lie derivative along the vector field ^x on G, 
corresponding to X. 

Consider a symplectic manifold (M, uj). 

The vector space C°°(M } u>), with respect to the Poisson brackets 
/i,/ 2 erH{/j 2 }er(M, w ) 
become an infinite dimensional Lie algebra. 

Definition 2.2. A procedure of quantization is a correspondence associat¬ 
ing to each classical quantity f E C°°(M ) a quantum quantity Q(f) E 
C(H), i.e. a continuous, perhaps unbounded, normal operator, which is 
auto-adjoint if / is a real-valued function, in some Hilbert space Ti , such 
that 

Q({/i,/ 2 }) = ^[Q(/i),Q(/ 2 )], 

Q{ 1) = Id n , 

where h := h/2n is the normalized Planck constant, and h is the unnormal¬ 
ized Planck’s constant. 

Let us denote by £ a fiber bundle into Hilbert spaces, L a fixed connec¬ 
tion conserving the Hilbert structure on the fibers; in other words, If 7 is a 
curve connecting two points x and x', the parallel transport along the way 7 
provides an scalar preserving isomorphism from the fiber £ x onto the fiber 
£ x i. In this case we can define the corresponding covariant derivative Vg, 
£ E Vect(M) := Der C°°(M) in the space of smooth sections. One con¬ 
siders the invariant Hilbert space L-(£ /ha ), which is the completion of the 
space T(£ PtCX ) of square-integrable partially invariant and partially holomor¬ 
phic sections. 
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Suppose from now on that M is a homogeneous G-space. Choose a 
trivialization Y of the principal bundle G x >—> G -» M, where G x is the 
stabilizer of the fixed point x on M. Let us denote by L f - the Lie derivation 
corresponding to the vector field £ e Vect(M). Let us denote by (3 € 
O' (M) the form of affine connection on 8, corresponding to the connection 
T on the principal bundle. It is more comfortable to consider the normalized 
connection form a(£) = -^=/3(£), the values of which are anti-auto-adjoint 
operators on fibers. One has therefore 

w = l ( + 2EL K) 

For each function / e C°°(M) one denotes £/ the corresponding Hamil¬ 
tonian vector field, i.e. 

+ d f = 0. 

Definition 2.3. We define the geometrically quantized operator Q( f ) as 

W) := / + = / + -Cl { , + a(O). 

Theorem 2.2. The following three conditions are equivalent. 

1 ) 

£a(q) - q a(£) - a([£, q]) + a (v)] = ~u(£, q)-Id] V£, q. 

2) r/ip curvature of the affine connection V is equal to q).Id, 

i.e. _ 

[Vf, V„] - V Ki ,] = -^J^uj(f,q).ld-yf,q. 

3) The correspondence f i —> Qi f ) is a quantization procedure. 

Suppose that the Lie group G act on M by the symplectomorphisms. 
Then each element X of the Lie algebra g corresponds to one-parameter 
subgroup exp (tX) in G, which acts on M. Let us denote by f \- the corre¬ 
sponding strictly Hamiltonian vector field. Let us denote also L x the Lie 
derivation along this vector field. We have 

[Lx, Ly] = L[X,Y], 

and 

Lxf = {fx,f}- 

Suppose that f x depends linearly on X. One has then a 2-cocycle of the 
action 

C ( X , Y ) \= { f X , fy } - f { X , Y \. 
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Definition 2.4. We say that the action of G on M is flat iff this 2-cocycle 
is trivial. 

In this case we obtain from the quantization procedure a representation 
A of the Lie algebra g by the anti-auto-adjoint operators 

x « ripWx) 

and also a representation of g by the functions 

X - f x . 

If the E. Nelson conditions are satisfied, we have a unitary representation of 
the universal covering of the group G. 

Theorem 2.3. The Lie derivative of the partially invariant and holomorphi- 
cally induced representation Ind(G; p, F. p, cr 0 ) of a connected Lie group G 
is just the representation obtained from the procedure of multidimensional 
geometric quantization, corresponding to a fixed connection V of the par¬ 
tially invariant partially holomorphic induced unitarized bundle S^ p , i.e. 

Liejr(Ind(G;p,F,p,<7o)) = 

n 


3. KK-theory Invariant IndexC*(G) 


Let us denote by G a connected and simply connected Lie group, g = 
Lie(G) its Lie algebra, g* = Hom R (g, R) the dual vector space ,O = 0(G ) 
the space of all the co-adjoint orbits of G in g*. This space is a disjoint 
union of subspaces of co-adjoint orbits of fixed dimension, i.e. 

O U-0<2n<dimG^2ri) 


We define 


0 ‘ 2 n G O; dim Q = 2n}. 


^2n •— Udi m Q=2n^- 


Then it is easy to see that Vm is the set of points of a fixed rank of the 
Poisson structure bilinear function 


{A'.r}(F) = <F.[Jf,Y]>, 

suppose it is a foliation, at least for V 2n , with 2 n = max . 

Lirst, we shall show that the foliation V 2n can be obtained by the associ¬ 
ated action of R 2n on V 2n via 2n times repeated action of R . 

Indeed, fixing any basis Xi, X 2 ,..., X 2n of the tangent space Q/Qr of G 
at the point F e Ll , we can define an action R 2n rx V 2n as 

(R rx (R rx (... R rx V 2n ))) 
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by 

(ti, t 2 ,..., t 2n ) i—> exp(^Xi)... exp(t 2 nX 2 n)F. 

Thus we have the Hamiltonian vector fields 

6c : = 371t=o exp (t k X k )F, k = 1, 2,..., 2n 
at 


and the linear span 

F 2 n = {£l, fr, ■ ■ ■ , frnj 

provides a tangent distribution. 

Theorem 3.1. (V 2n , F 2n ) is a measurable foliation. 


Corollary 3.1. The Connes C*-algebra C*(V 2n , F 2n ),o < 2 n < dim G 
are well defined. 

3.1. Reduction of IndexC*(G) to IndexC* (V 2n , F 2n ). Now we assume 
that the orbit method gives us a complete list of irreducible representations 
of G , 

= Ind(G, Q F , a, p), a e X G (F ), 

the finite set of Duflo’s data. 

Suppose that 

^ = u k i=l o 2ni 

is the decomposition of the orbit space on a stratification of orbits of dimen¬ 
sions 2 rii, where n\> n 2 > ■ ■ ■ > rtk > 0 

We include C*( V 2ni , F 2ni ) into C* ( G) . It is well known that the Connes 
C*-algebra of foliation can be included in the algebra of pseudo-differential 
operators of degree 0 as an ideal. This algebra of pseudo-differential oper¬ 
ators of degree 0 
is included in C*(G). 

We define 

Ji= P| Ker7TQ Fi(T , 

Sl F &0{G)\0 2 n 1 

and 

A\ = C*(G)/Ji. 

Then 

C*(G)/C*(V 2ni , F 2ni ) = A 1 

and we have 

0 -> Ji -> C*(G) —> A } — 0 

I I FI I 

C*(V 2nil F 2ni ) - C*(G) - C*(G)/C*(V 2ni ,F 2ni ) - 0 


0 
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Hence Ji ~ C*(V 2ni , F 2ni ) and we have 

O - C*(V 2ni ,F 2ni ) - C*(G) - A 1 - 0. 
Repeating the procedure in replacing 

C*(G), C*(V 2ni ,F 2ni ), Ai, Ji 

by 

Ai, C*(V 2ni , F 2n i), H2, J 2 , 

we have 

0 —> C*(y 2na , F 2n2 ) —» Hi —■> H 2 —■» 0 

etc .... 

So we obtain the following result. 


Theorem 3.2. The group C*-algebra C*(G) can be included in a finite se¬ 
quence of extensions 

(71) : 0 - C*(V 2ni ,F 2ni ) - C*(G) - A, - 0 

(72) : 0 - 1 " c*(v 2n2 , F 2n2 ) — ■> A\ — » a 2 — > 0 , 


( 7 fc) : 0 —» C*(V2n k , F 2nk ) —» H fc _i —> —» 0, 

where A k ~ Char(G) 

Corollary 3.2. IndexC* (G) is reduced to the system IndexC* (V 2ni , F 2ni ), i 
1 ,2 ,... ,k by the invariants 

N e KK(Ai, C*(V 2ni , F 2n J), i = 1,2 ,..., k. 

Remark 3.1. Ideally, all these invariants [ 7 *] could be computed step-by- 
step from [ 7 fe ] to [ 71 ]. 

3.2. Reduction of IndexC*(V 2ni , F 2n .) to the computable extension in¬ 
dices valuated in topological KK-groups of pairs of spaces. Let us con¬ 
sider C*(V 2ni , F 2n .) for a fixed i. We introduce the following assumptions 
which were considered by Kasparov in nilpotent cases: 

(Hi) There exists k € Z, 0 < k < 2 n, such that the foliation 

Vgen ■= v 2ni \ (UeT) 1 - 

has its C*- algebra 

C*(V gen ,F\ Vg J = G(0; en )®IC(H), 

r := R k ^ R 2ni ^ G, 

Lier = g/g F ., (Lief^ C 0 * n V 2nt . 


where 
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It is easy to see that if the condition (Ai) holds, C*(V 2ni , F 2rH ) is an 
extension of C*{V 2n , \ V gen ,F 2ni |.) by C(Of en ) ® K.(H), where O gen = 

€ O gen , a e Xq(F)}, described by the multidimensional orbit 
method from the previous section. If k — 2n r , (M 2 n, j- = {O}, V 2ni = V gen , 
we have 

C*{V 2nv F 2ni )^C{0~ ni ®1C(H))- 

If k — k{ < 2n, , then M 2n<_fcl acts on V 2ni \ Vgen and we suppose that a 
similar assumption (A 2 ) holds 

(A 2 ) There exists k 2 , 0 < k 2 < 2n t — k\ such that 

(V 2ni \ V gen ) gen := C V 2ni \ V gen ) \ (R fc2 ) ± 

has its C*-algebra 

C*((v 2ni \ V gen ) gen , F 2ni \.) ~ C((0 2ni \ O gen ) gen y <g> K{H). 

As above, if k 2 = 2 m ~h,C* (V 2ni \ V gen , F 2n . \.) ~ C((0 2ni \ O gen )~ en ) ® 

1C(H). In other case we repeat the procedure and go to assumption (A 3 ), 
etc.... 

The procedure must be finished after a finite number of steps, say in m 
-th step, 

C *({... (V 2n \V gen )\(V 2ni \V gen ) gen \..., F 2ni \) ~ C ((... (0 2ni \0 gen )\... ))®/C(H). 

Thus we have the following result. 

Theorem 3.3. If all the arising assumptions {Af. (A 2 ),... hold, the C*- 
algebra C* ( V 2rii , F 2n .) can be included in a finite sequence of extensions 

o - C(0; en ) ® K{H) C*{V 2nv F 2ni ) - C*(V 2ni \ V gen , F 2n .\) -> 0 

0 - C((0 2ni \0gen); en )®JC(H) -> C*(V 2ni \V gen , F 2ni ) -> C% ..) - 0 


0 - C((... (0 2ni \ O sen ) \ ( 0 2m \ O gen )) gen ...~)® /C(iT) - 
->C*(...) -> C*(...) ®/C(iT) ->0. 

3 .3. General remarks concerning computation of Index C*(G). We see 
that the general computation procedure of Index C*(G) is reduced to the 
case of short exact sequences of type 

( 7 ) 0 C{Y) ® JC(H) -*■ £ -> C'(X) ® JC{H) -> 0, 

and the index is 

[ 7 ] = /wlex£ e KK{X, Y). 

The group I\ K,(X, Y) can be mapped onto 

©jez/( 2 ) Hom z (/r +2 (X), iT^ +1 (y)) 
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with kernel 

®jM/(2) £x4(A-‘«(A'), K‘+i+\Y)) 

by the well known cap-product. So [ 7 ] = (<5 0 , <5i) 


5 0 G Horn Z (K°(X), K\Y)) = Ext 0 (X) A K\Y) 

51 G Horn Z (K 1 (X) } K°(Y)) = Ext^X) A K°(Y). 

Suppose ei, e 2 ,..., e n G Tt x {X) to be generators and 0 1 , 0 2 , ■ ■ ■, (j> n G £ 
the corresponding Fredholm operators, Tj, T 2 ,..., T n the Fredholm oper¬ 
ators, representing the generators of K 1 (Y) = Index[Y, Fred] . We have 
therefore 

w = E Cij IndexTj, 


5 0 — (Cij) ^ Mat jani A'O (.Y) X rank A' 1 (F) ( ^) • 

In the same way S\ can be computed. 


4. Entire Periodic Cyclic Homology 

(joint with Nguyen Van Thu’) 

Given a collection {/ojaer of ideals in A, equipped with a so called ad^- 
invariant trace 

Tq • la * C, 

satisfying the properties: 

1 . r a is a continuous linear functional, normalized as ||r Q || = 1 , 

2 . r a is positive in the sense that 

r a (a*a) > 0, Vo; G T, 

where the map a 1 —* a* is the involution defining the involutive Banach 
algebra structure, i.e. an anti-hermitian endomorphism such that a** = 

a 

3. r a is strictly positive in the sense that r a (a*a ) = 0 iff a = 0, for every 
a G T. 

4. r a is ad A-invariant in the sense that 

r a (xa ) = r a (ax),\/x G A, a G / a , 
then we have for every a G T a scalar product 

(a,b) a := r a (a*b ) 

and also an inverse system {I a , T a } ae r . Let 7 a be the completion of / a with 
respect to the scalar product defined above and I a denote I a with formally 
adjoined unity element. Define C n (I a ) as the set of n + 1-linear maps 
p : (/ Q ,) lg) ^ n+1 ) —> C. There exists a Hilbert structure on (J Q ,) lg) ( n+1 ^ and 
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we can identify C n ((I a )) := Hom((7 n (/ a ), C) with C n (I a ) via an anti- 
isomorphism. 

For I a C I p , we have a well-defined map 

: C”(fj -* 

which makes {C n (/<*)} into a direct system. Write Q = lim C n (I a ) and ob¬ 
serve that it admits a Hilbert space structure. Let C n (A) := Hom(lim C n (I a ), C) 

Hom(lim C n (I a ), C) which is anti-isomorphic to lim a C n (I a ). So we have 
finally 

C n (A) = lim C n (I a ). 

Let ____ ____ 

b,b':C n (I a )^C n+1 (I a ), 

N : C n (l a ) - C"(7 a ), 

A : C n (7 a ) - <?"(/«), 

5 : C n+1 (! a ) -> 

be defined as in A. Connes. Denote by 6*, (6')*) N*, X*, S* the correspond¬ 
ing adjoint operators. Note also that for each I a we have the same formulae 
for adjoint operators for homology as Connes obtained for cohomology. 

We now have a bi-complex 


(-&T 


b* 


{-b’Y 


C{A) :. 


^ - — lim a C'i(/ a ) ^-— lim Q Cj (I a ) — - lim a C'i(/ a ) <— 


(-&T 


ft* 


(~b'r 


<* A lim Q C' 0 (/ a ) — lim a C' 0 (/ a ) <‘ A lim a C 0 (/ a ) 


with d„ \= b* in the even columns and (l v := (—//)* in the odd columns, 
dh := 1 — A* from odd to even columns and dh ■— N* from even to odd 
columns, where * means the corresponding adjoint operator. Now we have 

Tot (C(A)) even = Tot (C(A)) odd := ® n > 0 C n (A), 

which is periodic with period two. Hence, we have 

d 

®n>oCn(A ) _^ ®n>oC n (A) 

d 
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where d — d v + dt, is the total differential. 

Definition 4.1. Let HP* (A) be the homology of the total complex (Tot C{A)) 
It is called the periodic cyclic homology of A. 

Note that this HP* (A) is, in general different from the IIP*(/l) of Cuntz- 
Quillen, because we used the direct limit of periodic cyclic homology of 
ideals. But in special cases, when the whole algebra A is one of these ideals 
with adfinvariant trace, (e.g. the commutative algebras of complex-valued 
functions on compact spaces), we return to the Cuntz-Quillen HP*, which 
we shall use later. 

Definition 4.2. An even (or odd) chain (f n ) n > o in C(A) is called entire if 
the radius of convergence of the power series dA\\f. n \\z n , z 6 C is 
infinite. 

Let C e (A ) be the sub-complex of C(A) consisting of entire chains. Then 
we have a periodic complex. 

Theorem 4.1. Let 

Tot {C e {A)) even = Tot {C e {A)) odd 

n>0 

where CffA) is the entire n-chain. Then we have a complex of entire chains 
with the total differential d d v + dh 

d 

©„>0Q(^) H ©n>0 C&A) 
d 

Definition 4.3. The homology of this complex is called also the entire ho¬ 
mology and denoted by HE*(A). 

Note that this entire homology is defined through the inductive limits of 
ideals with ad-invariance trace. 

The main properties of this theory, namely 

• Homotopy invariance, 

• Morita invariance and 

• Excision, 

were proved and hence that HE* is a generalized homology theory. 

Lemma 4.1. If the Banach algebra A can be presented as a direct limit 
i ini ( ,I ( , of a system of ideals I a with ad-invariant trace r a , then 

KfA) = lim Q AT(4), 

HE* (A) =lim Q HE*(/ a ). 
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The following result from K-theory is well-known: 

Theorem 4.2. The entire homology of non-commutative de Rham currents 
admits the following stability property 

a;(/c(h)) = a;(C), 

1C*(A ®/C(H))^ A*(A), 

where H is a separable Hilbert space and A is an arbitrary Banach space. 

The similar result is true for entire homology HE* : 

Theorem 4.3. The entire homology of non-commutative de Rham currents 
admits the following stability property 

HE*(/C(H)) = HE*(C), 

HE*(A®/C(H)) ^ HE*(A), 

where H is a separable Hilbert space and A is an arbitrary Banach space. 

5. Chern Characters of Compact Lie Groups C*-Algebras 

(joint with A. O. Kuku and N. Q. Tho) 

Let A be an involutive Banach algebra. In this section, we construct a 
non-commutative character 

ch c * : A; (A) HE* (A) 

and later show that when A = C*(G), this Chern character reduces up to 
isomorphism to classical Chem character. 

Let A be an involutive Banach algebra with unity. 

Theorem 5.1. There exists a Chern character 

ch c * : K* (A) -> HE*(A). 

Our next result computes the Chem character in 2.1 for A = C*(G) by 
reducing it to the classical case. 

Theorem 5.2. Let T be a fixed maximal torus of G with Weyl group W : = 
Ay;(T)/T. Then the Chern character 

ch c * : AT*(C*(G)) -> HE*(C*(G)) 

is an isomorphism, which can be identified with the classical Chern char¬ 
acter 

oh: iCf(C(T))^HEf(C(T)) 
that is cdso an isomorphism. 
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Remark 5.1. For some classical groups, e. g. SU (n + 1), SO(2n + 1), 

SU(2n), Sp{n) etc. the groups 

K*(G) = A; iy (C(T)) = K* w { T) = K*{C*{G)) = 

^ HE*(C*(G)) = HEf (C(T) = H™ (C(T) = H^{T) = H*(G) = HP*(C*(G)) 
are as follows. 

(a) . For any compact Lie group G, let R[G] be the representation ring. 

Then the Z/(2 )-graded algebra K*(G ) = Ac(/3(pi), P(p 2 ), ■ • - s P(p n ))> 
where pi are the standard irreducible representations and (3 : R[G] —> 

K*(G) is the Bott map. Hence, from we have 

/i*(SU(n + 1)) = A c (/3(pi), • • •, /3(p„)), 

iT(SO(2 n+l)) = Ac(/3 (pi),...,/3 (p n ),£2n+i). 

(b) . It follows that the Z/(2)-graded complex cohomology groups are 
exterior algebras over C and in particular 

AT(SU(2n)) = AcOas,^, ... ,x 4n -i), 

H*(Sp(n )) = A c (x 3 , x 7 ,..., x 4n -i), 

AT(SU(2n + 1)) = Ac(ai3,a:5, • • • ,x 4n +i), 

H*(SO(2n + 1)) = A c (^ 3 , x 7 , ..., x 4n - 1 )- 

(c) . Define a function $:NxNxN->Zfev 

k 

t>(n,k,E) = j2(- i r 1 ( k ! t V _1 - 

i= 1 ' ' 

It then follows that we have Chern character ch : /l*(SU(n + 1)) —> 

H*{SU(n + 1)) given by 

71 ( _ 

ch(fi(p k )) = ^—^$(n + l,k,i + l)x 2i+ i,Vk > 1, 

Z -' l\ 

1=1 

ch : K*(SO(2n + 1)) —> H*{SO(2n + 1)), given by the formula 

ch(/3( A fc )) = ^ ———y$(2n + 1, k, 2i)x 4i -i(\/k = 1, 2 ,..., n - 1) 

2=1 ' ' 

n ^ / 1 \2—1 71 ^ 

ch{e 2n+l ) = £ 2n -i + 
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6. Chern Characters of Compact Quantum Groups 

(joint with A. O. Kuku and N. Q. Tho) 

The unitary representations of compact quantum groups are classified as 
follows. 

• Every irreducible unitary representation of T £ (G) on a Hilbert space 
is a completion of a unitarizable highest weight representation. More¬ 
over, two such representations are equivalent if and only if they have 
the same weight. 

• The highest weight representations can be described as follows. Let 

w — Sjj .Sj 2 _ s ik be a reduced decomposition of an element w of the 

Weyl group W. Then, (i) the Hilbert space tensor product 


Pw,t = n Sii <8> • • • <g> 7T Sifc (8 T t 

is an irreducible *-representation of T £ (G) which is associated to the 
Schubert cell S„,; (ii) up to equivalence, the representation p Wjt does 
not depend on the choice of the reduced decomposition of w; (iii) 
every irreducible ^representation of TAG) is equivalent to some p wJ . 

Moreover, one can show that 

P| Ker p Wjt = {e}, 

(w,t)£Wx T 


i.e. the representation 



Pw,tdt 


is faithful and 


dim p Wtt = 


1 , 

oo, 


if w = e, 
if w 7^ e 


We record now the definition of C*-algebraic compact quantum group. 
Let G be a complex algebraic group with compact real form. 


Definition 6.1. The C*-algebraic compact quantum group G* (G) is the 
C*-completion of the *-algebra T e (G) with respect to the C*-norm 

||/|| := sup ||p(/)|| (feF e (G)), 

p 

where p runs through the *-representations of TGG) and the norm on the 
right-hand side is the operator norm. 


We now prove the following result about the structure of compact quan¬ 
tum groups. 
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Theorem 6.1. 

G*(G) = C(T) © 0 p JC(H w , t )dt, 

ejt W £W' T 

where C(T) is the algebra of complex valued continuous function on T and 
/C(H) is the ideal of compact operators in a separable Hilbert space H 

Let A be a involutive Banach algebra. We construct a non-commutative 
character 

ch c * : KM) HE, (A) 

and later show that when A = C* (G), this Chern character reduces up to 
isomorphism to classical Chem character on the normalizers of maximal 
compact tori. 

Let A be an involutive Banach algebra with unity. 

Theorem 6.2. There exists a Chern character 

ch c * : KM) HE*(A). 

Our next result computes the Chern characters for A = C* ( G ) by reduc¬ 
ing it to the classical case. 

Theorem 6.3. Let T be a fixed maximal torus of G with Weyl group W : = 
A/"t/T. Then the Chern character 

ch c * : K*(C*(G)) -> HE*(C'*(G)) 

is an isomorphism modulo torsion, i.e. 

ch c * : K*(C*(G)) ® C HE*((7*(G)), 

which can be identified with the classical Chern character 

ch : K*(C{Mr)) -> HE*(C(AT t )) 

that is also an isomorphism modulo torsion, i.e. 

ch : A;(A/'t) <g> C — H* dr { A/’t). 
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